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We will consider the least-order torsional completion of gravity for a spacetime filled with fermionic
Dirac matter fields, and we study the effects of the background-induced non-linear potentials for the
matter field themselves in view of their effects for both standard models of physics: from the one
of cosmology to that of particles, we will discuss the mechanisms of generation of the cosmological
constant and particle masses as well as the phenomenology of leptonic weak-like forces and neutrino
oscillations, the problem of zero-point energy, how there can be neutral massive fields as candidates
for dark matter, and avoidance of gravitational singularity formation; we will show the way in which
all these different effects can nevertheless be altogether described in terms of just a single model,
which will be thoroughly discussed in the end.
Introduction
In the present paper, we will consider the most gen-
eral case of least-order derivative torsional completion of
gravity describing spacetimes filled with 12 -spin fermionic
Dirac matter fields: the requirement of least-order deriva-
tive means that the torsion-gravitational action will be
constituted by quadratic torsion terms and it will be lin-
ear in the curvature, like for the usual Sciama-Kibble
completion of Einstein gravity, and also Maxwell electro-
dynamics will be considered; the 12 -spin spinorial matter
field may be introduced in terms of an action with only
one derivative of the field itself, as usual. The total action
will be then analyzed by obtaining the field equations, in
which we will perform the customary treatment of sepa-
rating torsion and having it substituted in terms of the
spin of the spinorial matter, with the consequence that
in the non-trivial background in which matter finds place
there will be non-linear interactions of the matter fields.
Usually, these non-linearities are neglected, but in this
paper, nevertheless, these non-linearities will not be ne-
glected, and their effects on the dynamics of the matter
field involved will be analyzed: we will see that there will
be interesting consequences that will stretch from the
standard model of cosmology to the standard model of
particles, regarding the problem of the cosmological con-
stant and its relations to the mechanism of spontaneous
breaking of a given symmetry and the zero-point energy,
the possibility to have massless neutrino oscillations, the
existence of neutral massive fields as candidates for dark
matter, and also the possibility to avoid the problem of
singularity formation; from the perspective of contents,
most of these results have already been established else-
where in the literature, but always in models that were
isolated from one another, missing any systematization.
The aim of this article is to show how the presented
theory will be capable of addressing the effective weak-
like forces among lepton fields, the oscillations between
neutrinos, the dynamics of dark matter, as different ef-
fects of the same dynamics, that is how these effects can
be altogether described in terms of a unique model.
Finally, we will see that the torsionally-induced non-
linear potentials within the Dirac matter field equations
and the fermionic-field quantization prescription have in-
trinsic similarities, which are discussed eventually.
I. LEAST-ORDER TORSION-GRAVITY FOR
DIRAC MATTER
A. Geometric and Kinematic Quantities
To begin, we shall introduce the geometric and kine-
matic quantities we will employ, and although such intro-
duction is quite well known it is nevertheless necessary
in order to have the paper somewhat self-contained.
All along the present paper, the geometry we will em-
ploy is based on a (1+3)-dimensional spacetime and it
will be a Riemann-Cartan geometry, that is described by
the metric but also by the torsion: the process of rais-
ing/lowering indices in tensors is possible by introducing
two tensors gµν and gµν which have to be considered
as fundamental quantities, and if we require that rais-
ing and lowering the same index leaves the initial tensor
unchanged then these two tensors have to be symmet-
ric and one the inverse of the other, that is they must
have all properties of a Riemannian metric, and so they
will be called metric tensors; differential properties must
preserve covariance, and thus they are given by covari-
ant derivativesDµ which can be defined after introducing
the connection Γαµν whose antisymmetric part in the two
lower indices Γαµν−Γ
α
νµ =Q
α
µν is nevertheless a tensor,
which is called Cartan torsion tensor. Since we demand
that the process of raising/lowering indices be possible
also for tensors that are derivatives of some other tensor
then the condition Dµgαβ = 0 must hold, and this con-
dition means that the covariant differentiation does not
affect the metric structure, and for this reason such condi-
tion is called metric-compatibility; in this paper the tor-
sion tensor will be assumed to be completely antisymmet-
ric, for the reason that follows: the metric-compatibility
ensures local Lorentz structure to be preserved [1, 2], and
as a consequence we also have that the system of coor-
dinates in which locally the metric is Minkowskian and
the connection vanishes coincide, and on the other hand,
a completely antisymmetric torsion ensures that there is
a single symmetric part in the connection given by
Γαβµ ==
1
2g
αρ(∂βgµρ+∂µgβρ−∂ρgµβ+Qρβµ) (1)
as the most general decomposition. So, the conditions of
metric-compatibility and completely antisymmetric tor-
sion together ensure that we can always find a coordinate
system where locally both the metric is Minkowskian and
the symmetric part of the connection vanishes: this fact
allows the implementation of the light-cone structure and
the local free-fall as discussed in [3, 4]. Therefore, causal-
ity and the principle of equivalence can be mathemati-
cally implemented [5], and gravitation is geometrized.
From the metric we can define the completely anti-
symmetric tensor of Levi-Civita ερµνα as usual; we also
introduce the covariant derivative ∇µ defined in terms
of the connection Λαµν that is called Levi-Civita connec-
tion, which is the simplest connection in the sense that
it is symmetric in the two lower indices and it is written
in terms of the metric alone. We have that the metric-
compatibility∇µgαβ=0 holds identically; the completely
antisymmetric torsion can be written according to the
following expression Qαµν = εαµνσW
σ in terms of this
tensor as the dual of the axial vector Wα which encodes
all information about the torsion, but it may be much
simpler to employ in some situations: then we have that
the covariant derivatives of the Levi-Civita tensor vanish
identically as a consequence of the metric-compatibility
conditions above, and the above connection is written as
Γαβµ=Λ
α
βµ+
1
2g
αρερβµσW
σ (2)
as an equivalent decomposition, so that the most general
connection can be decomposed into the simplest Levi-
Civita connection plus axial vector torsion contributions.
This formalism (with Greek indices) is called coordi-
nate formalism, and it is possible to introduce an equiv-
alent but different formalism (with Latin indices) called
Lorentz formalism, with the advantage that in it the most
general coordinate transformation is converted without
loss of generality into the special Lorentz transformation,
whose specific form may be explicited and therefore given
in terms of other, different representations: in Lorentz
formalism, the metric is decomposed according to the
following gαν=eαp e
ν
i η
pi and gαν=e
p
αe
i
νηpi in terms of the
tetrad basis given by eiα and the dual e
α
i and in terms
of the constant metric ηij defined to have Minkowskian
structure, the one which will have to be preserved by the
Lorentz transformation; differential properties preserv-
ing also this type of covariance are defined analogously
in terms of the covariant derivative Dµ defined after in-
troducing the spin-connection ωijν from which we can
define no torsion at all. However, we have that metric-
compatibilities Dµe
ν
i =0 and Dµηij =0 hold; even if we
may define no torsion from the spin-connection, it is how-
ever possible by employing such metric-compatibilities to
convert the above torsion into this formalism as
−Qkαρ = ∂αe
k
ρ − ∂ρe
k
α + ω
k
pαe
p
ρ − ω
k
pρe
p
α (3)
as it is easy to check directly: we notice that the metric-
compatibility conditions applied on the Minkowskian
metric implies that ωipα = −ω
pi
α spelling the antisym-
metry in the two Lorentz indices of the spin-connection
itself, and ensuring local Lorentz structure to be pre-
served as we will see, while the metric-compatibility ap-
plied on the tetrad implies that the above connection can
be transformed into the spin-connection according to
ωipα=e
i
σe
ρ
p(e
k
ρ∂αe
σ
k+Γ
σ
ρα) (4)
in the most general case possible. Thus these two metric-
compatibility conditions are what ensures that the coor-
dinate formalism and the Lorentz formalism are equiva-
lent, and that the latter is better equipped to incorporate
local Lorentz structures: this will be important when
dealing with spinors. As anticipated, with the Lorentz
formalism we can look for different representations.
Because one possible different representation is the
complex representation, it is useful to introduce also the
geometry of complex fields, in which the transformation
is given by a complex unitary phase: gauge covariant
derivatives Dµ are defined after introducing the gauge
connection Aν as it is known. We will next see why it is
important to introduce such abelian gauge structure.
We will introduce the Lorentz group in complex repre-
sentations, and we will restrict ourselves to the least-spin
given by the 12 -spin representation: such a representation
can be achieved through the introduction of the γa ma-
trices such that {γa,γb} = 2Iηab from which one may
define the matrices σab =
1
4 [γa,γb] as the infinitesimal
generators of the Lorentz transformation that is written
in the complex 12 -spin representation, and these matrices
also verify the relations {γa,σbc}= iεabcdpiγ
d implicitly
defining the pi matrix that will be used to define the
left-handed and the right-handed projectors; differential
properties are given by the most general spinorial covari-
ant derivative Dµ defined upon introduction of the most
general spinorial connection Ωµ and there is no torsion
defined in its terms. Conditions Dµγa=0 are valid au-
tomatically as identities; notice that in this case it is
not even possible to express the already known torsion
tensor in spinorial form: from the conditions of metric-
compatibility it is possible to see that the spinorial con-
nection can be written according to the form
Ωρ =
1
2ω
ij
ρσij+iqAρI (5)
as a general decomposition. Thus we finally see that
the antisymmetry in the two Lorentz indices of the spin-
connection is mirrored by the antisymmetry in the two
indices of the generators of the Lorentz transformation,
and this is what ensures local Lorentz structure to be pre-
served in this formalism: the most general spinorial con-
nection is not however exhausted by the Lorentz group
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since there is still room for an abelian field which may
now be identified with the abelian gauge field above, and
so the above is actually the most general decomposition
of the spinorial connection. This is the connection for
a spinor field of q charge 12 -spin and where there is no
appearance of the mass of the spinor for the moment.
So far we have introduced a very compact overview of
the general formalism we will employ in the present paper
dealing with first-order derivatives, but of course it is also
possible to go at the second order to see what additional
structures may come out: the very first of these, and
possibly the most fundamental, is the curvature tensor
G
ρ
ξµν = ∂µΓ
ρ
ξν − ∂νΓ
ρ
ξµ + Γ
ρ
σµΓ
σ
ξν − Γ
ρ
σνΓ
σ
ξµ (6)
antisymmetric in both first and second pair of indices and
such that it verifies the cyclic permutation property
DκQ
ρ
µν+DνQ
ρ
κµ+DµQ
ρ
νκ+
+QpiνκQ
ρ
µpi+Q
pi
µνQ
ρ
κpi+Q
pi
κµQ
ρ
νpi −
−Gρκνµ−G
ρ
µκν−G
ρ
νµκ ≡ 0 (7)
and because of these antisymmetry properties, the curva-
ture has a single contraction given by Gρµρν =Gµν with
contraction Gηνg
ην=G called Ricci tensor and scalar re-
spectively; the curvature comes along with its torsionless
counterpart given in terms of the analogous expression
R
ρ
ξµν = ∂µΛ
ρ
ξν − ∂νΛ
ρ
ξµ + Λ
ρ
σµΛ
σ
ξν − Λ
ρ
σνΛ
σ
ξµ (8)
antisymmetric in both first and second pair of indices,
and such that it verifies the cyclic permutation property
given by Rρκνµ+R
ρ
µκν+R
ρ
νµκ ≡ 0 as it is again easy to
check from the above identities, and in the same way we
have a single contraction Rρµρν =Rµν with contraction
given by Rηνg
ην=R as above: we then have that
G
ρ
ξµν = R
ρ
ξµν +
1
2 (∇µQ
ρ
ξν−∇νQ
ρ
ξµ) +
+ 14 (Q
ρ
σµQ
σ
ξν−Q
ρ
σνQ
σ
ξµ) (9)
is their most general decomposition. In the equivalent
Lorentz formalism the curvature is written according to
Gijµν = ∂µω
i
jν − ∂νω
i
jµ + ω
i
pµω
p
jν − ω
i
pνω
p
jµ (10)
again antisymmetric in both the coordinate and the
Lorentz indices: we have that we may write
Gijµν=G
ρ
σµνe
σ
j e
i
ρ (11)
as it should be for consistency, since such an object is a
tensor and therefore the passage from general coordinate
to Lorentz formalisms must be given in terms of a simple
index renaming. The gauge connection has an analogous
curvature that is given by the similar expression
Fαβ = ∂αAβ − ∂βAα (12)
which is antisymmetric in its indices. Some additional
identities for these curvatures are given by the following
DµG
ν
ικρ+DκG
ν
ιρµ+DρG
ν
ιµκ +
+GνιβµQ
β
ρκ+G
ν
ιβκQ
β
µρ+G
ν
ιβρQ
β
κµ ≡ 0 (13)
again as it is easy to check directly: in Lorentz formalism
this identity remains unchanged, as expected; also
∂νFασ+∂σFνα+∂αFσν = 0 (14)
for the abelian gauge field. The importance of the curva-
ture tensor comes from the fact that with it it becomes
possible to express the commutator of covariant deriva-
tives as [Dµ, Dν ]V
α=QρµνDρV
α+GαρµνV
ρ in the case of
vectors, and similarly with one curvature term for each
tensorial index in the case of generic tensors of any order.
In terms of these geometrical quantities it is possible
to build the spinorial equivalent of the curvature tensor
Gµν=∂µΩν−∂νΩµ+ΩµΩν−ΩνΩµ (15)
antisymmetric in its two indices: it can be written as
Gµν =
1
2G
ij
µνσij+iqFµνI (16)
in its most general decomposition. In terms of this cur-
vature the commutator of spinorial covariant derivatives
has the form [Dµ,Dν ]ψ=Q
ρ
µνDρψ+Gµνψ clearly show-
ing that the gravitational and the electrodynamic curva-
tures may be formally united together within the most
general curvature tensor that can be defined to act upon
the spinor fields we are taking into consideration.
B. Dynamical Equations
Having defined the kinematic quantities we will em-
ploy, we proceed to have these kinematic quantities cou-
pled together by constructing the dynamical field equa-
tions, which will be taken at the least-order derivative.
A first way we have to construct the most general sys-
tem of field equations is to start from geometrical iden-
tities, postulating the geometric field equations that will
convert these geometric identities into conservation laws,
and postulating matter field equations that ensure those
conservation laws be verified: this geometric construction
at the least-order derivative possible is easy, and so start-
ing from the Jacobi-Bianchi geometrical identities for the
torsion tensor in their fully contracted form
DρQ
ρµν−Gµν+Gνµ≡0 (17)
together with the Jacobi-Bianchi geometrical identities
for the curvature tensor in their fully contracted form
Dµ(G
µρ− 12Gg
µρ)−GµβQ
βµρ− 12G
µηβρQβηµ≡0 (18)
and geometrical identities obtained from the commutator
of covariant derivatives applied to the case of the gauge
strength in their fully contracted form given by
Dρ(DνF
νρ+ 12Q
ρµνFµν )=0 (19)
it is possible to see that the least-order field equations,
describing the coupling at the least-order derivative pos-
sible, are given for the coupling between the completely
3
antisymmetric torsion and spin in a purely algebraical
form according to the following relationship
Qρµν = −kSρµν (20)
together with the field equations describing the coupling
between the non-symmetric curvature and energy as
(
1−k
2k
)
(DµQ
µρα− 12Q
θσρQ αθσ +
1
4Q
θσpiQθσpig
ρα) +
+(Gρα− 12Gg
ρα−Λgρα)−
− 12 (
1
4g
ραF 2−F ρθFαθ) =
1
2T
ρα (21)
and the field equations describing the coupling between
the derivative of the gauge strength and the current
1
2FµνQ
ρµν+DσF
σρ = Jρ (22)
and these convert the above identities into conservation
laws for the completely antisymmetric spin tensor as
DρS
ρµν+ 12 (T
µν−T νµ) = 0 (23)
together with the conservation law for the non-symmetric
energy tensor given according to the following form
DµT
µρ−TµσQ
σµρ+SβµσG
σµβρ+JβF
βρ = 0 (24)
and the conservation law for the current vector
DρJ
ρ = 0 (25)
which will have to be verified once the matter field equa-
tions are satisfied; then, it is possible to see that these
conservation laws are verified by the conserved quantities
given by the completely antisymmetric spin tensor
Sρµν = a1
i
4ψ1{γ
ρ,σµν}ψ1 +
+a2
i
4ψ2{γ
ρ,σµν}ψ2 (26)
with non-symmetric energy tensor in the form
T ρα = i2 (ψ1γ
ρDαψ1−D
αψ1γ
ρψ1)−
−(a1−1)Dµ(
i
4ψ1{γ
µ,σρα}ψ1) +
+(a1−1)
i
4ψ1{γ
ρ,σµν}ψ1Q
αµν −
− 12 (a1−1)
i
4ψ1{γ
α,σµν}ψ1Q
ρµν +
+ i2 (ψ2γ
ρDαψ2−D
αψ2γ
ρψ2)−
−(a2−1)Dµ(
i
4ψ2{γ
µ,σρα}ψ2) +
+(a2−1)
i
4ψ2{γ
ρ,σµν}ψ2Q
αµν −
− 12 (a2−1)
i
4ψ2{γ
α,σµν}ψ2Q
ρµν (27)
and the current tensor in terms of the expression
Jρ = q1ψ1γ
ρψ1+q2ψ2γ
ρψ2 (28)
whenever the set of least-order field equations for the
fermion fields that are given according to the expressions
iγµDµψ1+
i
8 (a1−1)Qρµνγ
ργµγνψ1−m1ψ1=0 (29)
iγµDµψ2+
i
8 (a2−1)Qρµνγ
ργµγνψ2−m2ψ2=0 (30)
are satisfied as conditions on the fermionic fields.
Before proceeding, we notice that because in this ge-
ometric construction we start from geometric identities
and from them we obtain the conservation laws after in-
tegration, and similarly the matter field equations are
obtained from these conservation laws after integration,
then the additional Λ, m1 andm2 constants can be inter-
preted as constants of integration, which can be added
into the theory with the same meaning with which con-
stants of integrations are taken into account, that is in
order to maintain the highest degree of generality.
This geometric construction follows the spirit of deriv-
ing from geometry all physical equations, but it is also
possible to follow a variational method in terms of which
we can write the most general least-order derivative La-
grangian, and then vary it to obtain the correspond-
ing least-order derivative field equations: the most gen-
eral torsional-gravitational Lagrangian consists of both
parity-odd as well as parity-even terms [6], although in
the case of completely antisymmetric torsion it happens
that the parity-odd terms are either vanishing as for the
torsion contribution or surface terms as for the gravi-
tational Holst term, and similarly for the gauge sector
we may add both parity-odd and parity-even terms, al-
though also in this case the parity-odd contributions due
to the gauge strength are surface terms; the most general
material Lagrangian for the fermion fields can be build
again with both parity-odd and parity-even fermionic
terms as done in [7], although it is also possible to demon-
strate by employing Fierz rearrangements that all parity-
odd contributions disappear. As a consequence, we may
summarize this discussion by considering the most gen-
eral Lagrangian as the one given in [8] with the additional
assumption of parity-conservation, or in an equivalent
way as the one given in [9] with the additional hypothesis
of having an axial vector torsion, with quadratic torsion
contributions beside the gravitational contributions de-
scribed by the usual Einstein term and electrodynamic
contribution described by the usual Maxwell term, to-
gether with the Dirac term; additionally, we will include
all interacting terms between all the fields, which in this
specific case reduce to a supplementary term coupling
torsion to the spinors. The most general Lagrangian for
the case of two spinor fields is given according to
L=(k−14k )QανσQ
ανσ+G+2Λ+ 14F
ανFαν −
− i2 (ψ1γ
µDµψ1−Dµψ1γ
µψ1)−
− 18 (a1−1)iψ1γ
νγσγpiψ1Qνσpi+m1ψ1ψ1 −
− i2 (ψ2γ
µDµψ2−Dµψ2γ
µψ2)−
− 18 (a2−1)iψ2γ
νγσγpiψ2Qνσpi+m2ψ2ψ2 (31)
without terms mixing the spinorial fields with one an-
other and up to dimension four, as it can be checked.
With this Lagrangian we may perform its variation
with respect to all the independents fields involved thus
obtaining the corresponding field equations, starting
from the completely antisymmetric torsion-spin coupling
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field equations that are given in the following form
Qρµν=−k(a1
i
4ψ1{γ
ρ,σµν}ψ1 +
+a2
i
4ψ2{γ
ρ,σµν}ψ2) (32)
which come together with the non-symmetric curvature-
energy coupling field equations given according to
(
1−k
2k
)
(DµQ
µρα− 12Q
θσρQ αθσ +
1
4Q
θσpiQθσpig
ρα) +
+(Gρα− 12Gg
ρα−Λgρα)−
− 12 (
1
4g
ραF 2−F ρθFαθ) =
= i4 (ψ1γ
ρDαψ1−D
αψ1γ
ρψ1)−
− 12 (a1−1)Dµ(
i
4ψ1{γ
µ,σρα}ψ1) +
+ 12 (a1−1)
i
4ψ1{γ
ρ,σµν}ψ1Q
αµν −
− 14 (a1−1)
i
4ψ1{γ
α,σµν}ψ1Q
ρµν +
+ i4 (ψ2γ
ρDαψ2−D
αψ2γ
ρψ2)−
− 12 (a2−1)Dµ(
i
4ψ2{γ
µ,σρα}ψ2) +
+ 12 (a2−1)
i
4ψ2{γ
ρ,σµν}ψ2Q
αµν −
− 14 (a2−1)
i
4ψ2{γ
α,σµν}ψ2Q
ρµν (33)
and with the gauge-current coupling field equations as
1
2FµνQ
ρµν+DσF
σρ=q1ψ1γ
ρψ1+q2ψ2γ
ρψ2 (34)
complemented by the fermionic field equations
iγµDµψ1+
i
8 (a1−1)Qρµνγ
ργµγνψ1−m1ψ1=0 (35)
iγµDµψ2+
i
8 (a2−1)Qρµνγ
ργµγνψ2−m2ψ2=0 (36)
as the most general system of field equations, and coin-
ciding with the system of field equations found above.
Notice that the torsional constant k is not the gravi-
tational constant, which has been set to the unity, while
the gauge coupling constants are given by the charges as
defined above, and the constants a1 and a2 are entirely
new constants interpreted as the two coupling constants
with which torsion couples to the two fermionic fields
respectively, according to the two additional terms that
have been included in the Lagrangian for generality.
This action can also be written in the form in which
all curvatures and derivatives are decomposed in terms of
their torsionless counterparts plus torsional contributions
and since the torsion-spin coupling field equations are
algebraic they can be used to have torsion substituted in
terms of the spin of the fermionic fields yielding
L = R+2Λ+ 14F
µνFµν −
− i2 (ψ1γ
µ
∇µψ1−∇µψ1γ
µψ1)−
− 12X12ψ1γµpiψ1ψ2γ
µpiψ2 −
− 12Y1ψ1γµpiψ1ψ1γ
µpiψ1+m1ψ1ψ1 −
− i2 (ψ2γ
µ
∇µψ2−∇µψ2γ
µψ2)−
− 12X12ψ1γµpiψ1ψ2γ
µpiψ2 −
− 12Y2ψ2γµpiψ2ψ2γ
µpiψ2+m2ψ2ψ2 (37)
which will eventually yield the system of the field equa-
tions already in the form in which torsion has been re-
placed with spin-spin contact fermionic interactions.
Or alternatively, these field equations can be obtained
from the previous field equations after decomposing all
curvatures and derivatives in the corresponding torsion-
less curvatures and derivatives plus torsional contribu-
tions written as the spin of fermionic fields, yielding the
symmetric curvature-energy coupling field equations as
(Rρα− 12Rg
ρα−Λgρα)−
− 12 (
1
4g
ραF 2−F ρθFαθ) =
= i8 (ψ1γ
ρ
∇
αψ1−∇
αψ1γ
ρψ1 +
+ψ1γ
α
∇
ρψ1−∇
ρψ1γ
αψ1) +
+ i8 (ψ2γ
ρ
∇
αψ2−∇
αψ2γ
ρψ2 +
+ψ2γ
α
∇
ρψ2−∇
ρψ2γ
αψ2) +
+ 14X12ψ1γµpiψ1ψ2γ
µpiψ2g
αρ +
+ 14X12ψ2γ
µpiψ2ψ1γµpiψ1g
αρ +
+ 14Y1ψ1γµpiψ1ψ1γ
µpiψ1g
αρ +
+ 14Y2ψ2γµpiψ2ψ2γ
µpiψ2g
αρ (38)
and with the gauge-current coupling field equations
∇σF
σρ=q1ψ1γ
ρψ1+q2ψ2γ
ρψ2 (39)
together with the fermionic field equations
iγµ∇µψ1+X12ψ2γρpiψ2γ
ρpiψ1 +
+Y1ψ1γρpiψ1γ
ρpiψ1−m1ψ1=0 (40)
iγµ∇µψ2+X12ψ1γρpiψ1γ
ρpiψ2 +
+Y2ψ2γρpiψ2γ
ρpiψ2−m2ψ2=0 (41)
showing that the system of field equations has reduced to
the one we would have had without torsion but supple-
mented with non-linear potentials of a specific structure.
Notice that in these expressions we have renamed the
coupling constant 3ka1a2=16X12≡16X21 with the self-
coupling constants 3ka21=16Y1 and 3ka
2
2=16Y2 showing
that the constants originally related to torsion are now
re-expressed as constants describing the coupling of the
spinorial fields with one another and each of them with
itself, as if there were no torsion but we could perform
on every fermion field an independent renormalization.
II. NON-LINEAR POTENTIAL EFFECTS
A. Problems of the Standard Models
So far, we have seen what are the field equations we
will employ, and in particular that the matter field equa-
tions are endowed with non-linear potentials: in the mat-
ter field equations these potentials closely resemble those
that are usually taken into account for bosonization and
the later condensation in condensed-state physics, with
5
the difference that now they occur in general, and in the
following of the paper we will take these non-linearities to
their consequences; we will see that there are intriguing
effects that arise in conjunction to the open problems of
the standard models of cosmology and particle physics.
The list of open problems in the standard models of
cosmology and particle physics starts with a problem that
is common to both, that is the problem of the Cosmo-
logical Constant: quantum field theory would appear to
be a very good theory in terms of the quantity of pre-
dictions that have been experimentally confirmed if it
were not for the fact that among all such predictions is
one which is the worst ever made: the value of the cos-
mological constant it predicts is one-hundred and twenty
orders of magnitude off the empirical one; this happens
because the cosmological constant that can theoretically
be expected may be present as a generic universal con-
stant, with no known value, but it might also receive fur-
ther contributions coming from symmetry breaking, and
its subsequent mechanism of mass generation, and the
zero-point energy, as the minimal energy of vacuum fluc-
tuations, both very large. As we have already said, the
contribution that can always be present as a generic in-
tegration constant is by construction unknown, but even
if we could invoke some principle like conformal symme-
try to get rid of this unknown contribution, so to deal
only with known contributions, we still have the problem
that all these contributions are so large, and in principle
unrelated, that a fine-tuning of about one-hundred and
twenty digits is necessary to require they have an almost
exact cancellation; to worsen things is the fact that the
most relevant of such contributions is negative, while the
cosmological constant is positive. This embarrassing sit-
uation has no solution that is entirely successful for now.
Of course, we should be open-minded enough to admit
that some contributions may well be missing, but in this
case there would simply be no way in which at the mo-
ment we could account for all possible contributions, and
whether or not fine-tuning may be found, there would be
no way to even start solving this problem; so, we might
allow ourselves a little confidence, or hope, assuming that
all contributions we have are actually all there is, but
these contributions are one unknown and two known but
large and with no definite sign, so any combination that
aims to get any precise, small and positive value of the to-
tal cosmological constant would involve a flabbergasting
amount of fine-tuning: unless this fine-tuning is found,
there really seems to be no way out apart from the most
dramatic of them all, and that is imagining that no such
contributions are actually there in the first place.
Or better, that there can only be the bare cosmological
constant, whose value will be the one chosen in nature,
and that no further contributions can be present, so to
circumvent any issue related to the values we have calcu-
lated they ought to have: because the contribution com-
ing from the mechanism of mass generation is ultimately
induced by a breakdown of some symmetry and the min-
imal energy of vacuum fluctuations is ultimately induced
by the zero-point energy, the most straightforward solu-
tion is to insist on having no breaking of any symmetry
nor zero-point energy at all. As already stated, these are
quite drastic measures, but our aim is precisely that of
showing that even these extreme cases can have reason-
able solutions, so let us proceed in their investigation.
Dropping the mechanism of symmetry breaking re-
quires two adjustments: one is that there must be an
alternative mechanism of assigning masses to all the mas-
sive fields; the other is that there has to be a way to pro-
duce the observed phenomenology. The problem of find-
ing an alternative mechanism needed to assign masses to
massive fields may be solved by acknowledging that we
do not actually need an alternative mechanism of mass
generation since bare masses may always be present, with
values that will be those chosen in nature, since there is
no theoretical reason why elementary fields should not
have fundamental masses instead of generated ones, and
for that matter the specific values of the fundamental
masses are not less arbitrary than the Yukawa constants
for the generated ones; the fact that now the situation is
always asymmetric renders it clear that the phenomenol-
ogy must be given in terms of interactions mediated by
something different. In this case the non-linearities of the
model may turn out to be just what we need.
However preposterous this idea might seem, interac-
tions mediated by something else than gauge fields were
already described as in the Nambu-Jona–Lasinio model
presented in references [10, 11] and further works on the
subject such as for instance [12], with mediators thought
as composite states of fermions bound together by non-
linear non-symmetric effective interactions: the idea is
to recover the construction built in the references above
but in the case of the leptonic fields [13], characterized
by a non-chiral structure since electrons are massive and
double-handed while neutrinos are supposed to be mass-
less and single-handed: field equations (40-41) become
iγµ∇µe−Xνγρνγ
ρpie−Y eγρeγ
ρe−me = 0 (42)
iγµ∇µν−Xeγρpieγ
ρν = 0 (43)
which can be Fierz rearranged into the equivalent
iγµ∇µe+q tan θZµγ
µe− g2 cos θZµγ
µeL +
+ g√
2
W ∗µγ
µν−He−iApie−me= 0 (44)
iγµ∇µν+
g
2 cos θZµγ
µν+ g√
2
Wµγ
µeL = 0 (45)
so soon as we define the following composite states
Zµ=
2X cos θ
g| sin θ|2
[
1
2 (eLγµeL−νγµν)−| sin θ|
2eγµe
]
(46)
Wµ=
[√
2X(1−4| sin θ|2)
2g| sin θ|2
]
eLγµν (47)
H=
[
Y +X(1−2| sinθ|2)
]
ee (48)
A=
[
Y +X(1−2| sinθ|2)
]
iepie (49)
which in the present interpretation have to be thought
as leptonic condensed states, those which give rise to the
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vector mediators of the weak interactions and to two ad-
ditional scalar bosons, as it has been discussed in [14].
In the present notation, we have suppressed the indices
because the first spinor has been identified with the elec-
tron and the second spinor has been identified with the
neutrino, and similarly we have written the torsional con-
stants X12 =X21 =X and Y1 = Y re-expressing them in
terms of the usual constants of the standard model.
According to expressions (46-47) we have the following
∇µZ
µ=− X cos θ
g| sin θ|2mω (50)
∇µW
µ+iq tan θZµWµ=−
√
2X(1−4| sin θ|2)
2g| sin θ|2 mρ (51)
in terms of the pseudo-scalar complex fields
ω= iepie (52)
ρ= iepiν
[
1+ Y−X(1+2| sin θ|
2)
Y+X(1−2| sin θ|2)
H−iA
m
]
(53)
whose form shows that the vector mediators are massive.
Incidentally, we notice that the partially conserved ax-
ial current of the charged vector loses all higher-order
non-linear terms if Y=X(1+2| sinθ|2) is assumed.
The attentive reader may have noticed that here it is
assumed that neutrinos are in fact massless and single-
handed while the problem of neutrino oscillation appears
to require neutrino masses to work; because apart from
this single circumstance neutrino masses do not seem to
be expected in any other context, it may be wise to look
for mechanisms of neutrino oscillation even if neutrinos
are massless, as discussed in [15]: in that paper neutrinos
are still double-handed although the right-handed neu-
trino is undetected yet, and so it may be wise to look for
a mechanism of neutrino oscillation even if neutrinos are
massless and single-handed, and to do that we consider
again the field equations (40-41) adapted for this case as
iγµ∇µν1+Ξ ν2γρν2γ
ρν1 = 0 (54)
iγµ∇µν2+Ξ ν1γρν1γ
ρν2 = 0 (55)
which can be written in a compact way for the doublet
of neutrino fields ν=(ν1, ν2) in the equivalent form
iγµ(∇µν+iΞ ~Aµ ·~
σ
2 ν) = 0 (56)
upon definition of the triplet of vectors
~Aµ=
2
3νγµ~σν (57)
showing that the mixing is formally a flavour-changing
neutral current, even if the two neutrinos are single-
handed and precisely because they are massless [16].
In the present notation, there is a single torsional cou-
pling constant X12=X21=Ξ which can be re-expressed
in terms of the oscillation length of the neutrinos.
In these two cases we have reached the point in which
the non-linear effective interactions described above have
come across some open problems in cosmology, but for
the specific problem of the cosmological constant this
construction only deals with the part concerning non-
symmetric effective interactions, and we still need to ad-
dress the part regarding the concept of zero-point energy.
Dropping the concept of zero-point energy requires one
adjustment: there must be a way to recover the phe-
nomenology of the Casimir effect. Or equivalently, it has
to be possible to calculate the magnitude of the Casimir
force without any reference to the zero-point energy.
Once again, this may seem preposterous, but such com-
putation has already been done by exploiting alternatives
sources as described in [17], and recently in [18].
The problem of the zero-point energy is very delicate
because ultimately it touches the foundations of the the-
ory of field quantization: the zero-point energy is the
result of having fermion fields quantized with canonical
anticommutation relations; getting rid of the zero-point
energy means getting rid of the unity term in the anti-
commutation relations. Such a solution might look rad-
ical, but it merely means to place in normal-ordering all
creation/annihilation operators, as it is commonly done
in quantum field theories [19]: we will not enter here into
the details of the apparent contradiction that arises from
the fact that in order for field quantization to work it
seems necessary to abandon what constitutes the very
essence of the quantization of fields, and we will simply
remark that such a normal-ordering is equivalent to ask
that there be no quantization of fields for fermions, apart
from their being Grassmann-valued. Thus we may ask
whether there are reasons for relativistic classical fields
to necessitate adjustments in terms of quantization.
Focusing on fermionic fields, there is a problem that
might be solved with field-quantization: we do know that
fermionic fields do not undergo to the Fermi-Dirac statis-
tic, nor have positive-defined energies or correct charge-
conjugation transformations unless they are quantized
with anticommutation relations; but once again there is
no need to go so far as requiring fermionic anticommu-
tation, because it is enough to require fermions to have
Grassmann values. However, in the most extreme situa-
tion, we may renounce to Grassmann variables too.
Dropping the assumption of having fermionic fields to
be Grassmann-valued means that we have to address all
these problems: we have to reproduce the Fermi-Dirac
statistic by finding a way in which two identical fermions
cannot superpose, to ensure that all fermions have ener-
gies that are positive and to ensure a correct definition of
matter and antimatter. Here again there is an alternative
way of accomplishing all this, and again this way consists
in using the non-linearities of the Dirac field equation.
First of all, the problem of finding a way in which iden-
tical fermions cannot superpose in the case of non-linear
Dirac field equations is trivial, since in general this can-
not happen: let ψ and ψ′ be two fermions solutions of the
Dirac equations D[ψ] = 0 and D[ψ′] = 0 it is clear that
the superposition (ψ+ψ′) of the two fermions cannot be
solution of the Dirac equation D[(ψ+ψ′)]=0 in general,
and in particular if ψ = ψ′ the two fermions are iden-
tical and the Dirac equation D[2ψ] 6=D[ψ] = 0 because
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of the non-linear term; so we may reverse the question
by asking if there are situations in which such a super-
position of fermions can still be solution of the Dirac
equation despite the non-linearity. It is in fact possible
for these two fermions to superpose as solutions of the
Dirac equation when the non-linear term of their sum
vanishes, and this is precisely what happens whenever
the two fermions have opposite helicity states [20]; thus
the non-linear potential producing the effective repulsion
that keeps apart two fermions when they are identical
will nevertheless allow the superposition of two fermions
with opposite helicity, entailing a dynamical version of
the Pauli principle [21]. For bosons there is no non-
linear potential creating an effective repulsion and the
superposition of bosons is always possible. That bosons
be described by tensorial fields that do not feel torsion
while fermions are described by spinorial fields that do
feel torsion is what discriminates them in the present way
of dealing with the statistics. And bosons also have no
problems of having an energy that is negative as much
as fermions have, so again the solution may well be con-
nected to the torsion tensor: as a matter of fact, the con-
servation laws of energy and spin (23-24) make it clear
that any fermion that suffers the reversal of the sign of
its energy must also suffer the reversal of the sign of its
spin, which means the inversion of the sign of torsion and
thus the flip of the sign of the non-linear term within the
Dirac field equations (29-30); thus fermions with nega-
tive energy are described by spinors that are not solution
of the non-linear Dirac equation. The absence of the
negative-energy states is ensured by the fact that they
are in the sub-space of the solutions that is cut out by
the non-linearities of the Dirac equations, and this is en-
couraging, but since the space of the solutions has been
halved one may wonder how we may double it in order to
recover the correct number of independent components,
and this can be done by doubling the Dirac equations al-
lowing both signs of the mass [22]; the necessity to have
all four independent components means the possibility to
describe antimatter as well as matter, and in the above
paper these two fields are described as the two indepen-
dent solutions of the two complementary Dirac equations
differing for the sign of the mass term, although having
a negative mass term does not mean that negative-mass
states are present. We will discuss this in more detail.
To better explain the situation, we will start recall-
ing the definition of matter/antimatter duality, which we
will take here in its most general form: according to such
general definition, antimatter is matter with all quantum
numbers reversed, where not only helicity but also mass,
beside all charges, are inverted: as it has already been
discussed in [22], although this implies that we have two
forms of matter field equations differing by the sign of the
mass term, this does not mean that masses will become
negative but merely that there is a rearrangement of the
physical components within the spinor, so that such in-
version does not imply that matter has a positive mass
and antimatter has a negative mass but simply that mat-
ter and antimatter are represented by two spinors with
different structures: by calling the matter and antimatter
fields respectively as e and p then matter and antimatter
were related by the relationship p=γe as it should be in
order to reproduce the known scattering amplitudes, and
since the negative-mass spinors were always suppressed
when field equations were imposed then only positive-
mass spinors were present; additionally, we proved that
both matter and antimatter had only positive energies,
as it should be for consistency. According to this general
definition of the matter/antimatter duality, there is not
a single matter field with positive/negative energies but
two complementary matter/antimatter fields with only
positive energies. But in this situation matter and anti-
matter are no longer complex conjugate of one another,
and instead they are two independent fields, so that the
passage between one to the other is not achieved in terms
of charge conjugation but simply by changing the sign of
the charge q → −q only: in particular neutral spinors
are not described by real-valued spinors accomplished in
terms of self-charge conjugated fields but simply in terms
of complex-valued spinors with the supplementary con-
dition q=0 solely; because in this approach neutrality is
no longer obtained in terms of constraints on the com-
ponents of the spinor then neutral fields are no longer
described with half degrees of freedom, and thus they
are no longer forced to be massless. In this scheme, there
is no longer a reason why neutral massive fields should
not exist in general: if dark matter is to be described in
terms of neutral massive particles, in this scheme there
is room for a dark matter candidate. However, the pres-
ence of torsionally-induced non-linearities for these dark
matter candidates would change their dynamics.
That a cold bath of neutral massive particles may be
able to form condensates which might stretch up to galac-
tic scales is a known conjecture [23]; but if torsion is not
neglected for the dynamics of these particles then tor-
sional effects may be relevant [24]: that these conden-
sates feel such torsionally-induced non-linear potentials
can be seen in the non-relativistic approximation, where
∇
2ψ−Y 2|ψψ|2ψ−2mYψψψ+2m(E−m)ψ≈0 (58)
and if through such a condensate a test body will move,
the non-linear corrections to the gravitational field are
such that the gravitational acceleration ~a is given by
div~a=− 12Y |ψψ|
2− 14mψψ (59)
as it can be easily checked. The high-density behaviour
of the condensate is given by the exact solution
ψψ= 12Y
1
r
(60)
so that the squared of the tangential velocity is given by
v2= 18Y (61)
displaying the constant behaviour of the rotation curves
for galactic dark matter; in order to fit also the magni-
tude, it is necessary that the torsional coupling constant
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be about 108 times the Newton constant, and it will be a
universal parameter. All these computations and some of
their implications have been discussed in reference [25].
Our discussion has started in terms of a general critics
about the problem of the cosmological constant and dark
energy moving gradually to tackle the problem of dark
matter as well; now we may continue our wandering in
the domain of cosmology to face another problem, namely
the problem of gravitational singularities, discussing a
common misconception: such a problem is based on
the Hawking-Penrose theorem, which states that in gen-
eral gravitationally-produced singular matter distribu-
tions are present. We know that the torsionally-induced
non-linear potentials are repulsive, so these should coun-
terbalance the gravitational attraction, and it could be
that those singularities are avoided. There is a miscon-
ception in the formulation of this problem, however.
As it could be demonstrated, the torsion-spin coupling
is what contributes the most to gravitational singulari-
ties of spinorial matter fields, and so it appears not only
that torsion would not solve this problem but also that
it would worsen the singularity [26]; the misconception
is that we cannot consider only the gravitational field
equations in treating the problem. If it is true that the
torsionally-induced non-linear interaction increases the
amount of energy sourcing gravitation, therefore aug-
menting the gravitational pull, nevertheless it is also true
that the gravitational field equations cannot be the only
equations to be taken; we need also to consider the matter
field equations, where the torsionally-induced non-linear
potentials are repulsive: as the scaling properties of all
terms involved are such that on shorter and shorter dis-
tances the non-linearities of the gravitational field equa-
tion become less and less relevant than the non-linearities
of the matter field equations, the repulsion will be more
and more relevant than the attraction, and eventually it
would become dominant. The presence of the torsion-
spin coupling does contribute to both the gravitational
attraction and the spinorial intrinsic repulsion, but they
are relevant at different scales: as the singularity is about
to form the scale would be one at which the gravitational
pull would be negligible compared to the intrinsic repul-
sion of fermionic matter fields. And in fact, as it has
been demonstrated in [27], no matter the gravitational
effects the non-linear terms in the matter field equations
will always be able to prevent these singularities to form.
From this discussion one point emerges: it is precisely
the self-interacting character of the matter field itself
what forbids the singularity formation to occur.
Here self-interactions for matter forbid singularity for-
mation in the same way in which usually evading singu-
larities is achieved in terms of quantum effects [28].
The fact that self-interacting matter and quantization
seems to have analogous effects is what ultimately al-
lows to address some of the open problems in the stan-
dard models of cosmology and particle physics in terms
of non-linear potentials, from the problem of dark en-
ergy with dark matter and avoidance of singularities to
the phenomenology of weak interactions of leptons and
oscillations of neutrinos; but there is still one issue.
Among all the subjects we have investigated, we have
been employing the torsionally-induced non-linear terms
in the matter field equations to generate weak-like forces
among the electron-neutrino pair, to give rise to oscilla-
tion between neutrinos, and to fit the behaviour of flat
rotation curves for galaxies in the presence of dark mat-
ter, and with torsional coupling constant that had to be
tuned to the Fermi constant, to the oscillation length, and
to the value of about 108 times the Newton constant, re-
spectively; these results are known in the literature, but
the problem was that one might have asked how it were
possible for these effects to correspond to different val-
ues of the coupling constants, and the answer is that in
this theory different coupling constants are allowed so
long as we consider different fermionic fields because, as
already noticed, having included all terms involving tor-
sion resulted into an effective theory in which the original
torsion constants were re-expressed in terms of coupling
constants of the fermionic fields, as if we could perform
on each fermion field an independent renormalization.
The considered problems of the standard models of
cosmology and particle physics are altogether addressed
in terms of non-linear effects within a single scheme.
This ends our survey on the standard models.
III. DISCUSSION
In what we have been doing so far, we have started by
considering the completely antisymmetric torsion com-
pletion of gravity with electrodynamics for a geometry
filled with two Dirac matter fields, assigning the most
general interaction between geometry and matter but
without mixing terms for the two fermionic matter fields,
in an action that was up to terms of dimension four
and polynomial in these: of this model, we have derived
the conservation laws and conserved quantities, together
with all field equations, we have acknowledge that the
cosmological constant and the two masses of the fermions
could be interpreted as integration constants and there-
fore allowed as a matter of generality, we have written
the field equations in the equivalent form in which all
torsional contributions were converted into torsionally-
induced self-spinorial interactions of a specific structure
and with three coupling constants that had to be taken as
undetermined; we have seen how some open problem in
physics could be solved by non-linear potentials replacing
fermion-field quantization. So dramatic as it may seem
that something could replace field quantization, this pos-
sibility rises the question about whether field quantiza-
tion might still be considered to be an essential operation.
Thus for the sake of argumentation we ask: for what
reason we quantize fields, by requiring them to be ex-
panded in a basis of creation/annihilation operators and
imposing some sort of commutation relationships among
their components? This idea, so far as we are aware, had
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at its core an argument of analogy, that is repeating for
fields what has already been found to be successful for
point particles: the particle quantization, or first quan-
tization, up-graded the classical mechanics to quantum
mechanics, and similarly field quantization, or second-
quantization, should bring classical fields into quantum
fields; the problem with this argument is that here, there
is no real analogy between particles and fields, and even if
there were an analogy allowing us to apply the same pre-
scription in both instances, the analogy would only tell
us that such quantization may work similarly in the two
circumstances, which might mean they are equally good,
but also equally bad. Of course, stating that quantiza-
tion is not a good prescription for fields would imply that
quantization is not a good prescription for particles.
Assuming that particle quantization is not an appro-
priate prescription too, then why does it seem to work
so well in giving rise to all the successful predictions of
quantum mechanics? The fact is that classical mechanics
deals with point particles, which are problematic because
they are singular matter distributions: therefore requir-
ing the variables to be operators subject to commutation
relations like [pµ, x
ν ]= i~δνµ or in position representation
as given by pµ = i~∇µ means demanding for extended
matter distributions, that is the classical fields of quan-
tum mechanics; the reason for which particle quantiza-
tion, which might be a bad prescription, works so nicely
is that it applies to classical mechanics, which is also in-
trinsically problematic, and the two problems cancel one
another, resulting into a quantum mechanics of classical
fields that is successful. But there is another question.
If it is true that starting from non-relativistic classical
mechanics and performing particle quantization we get
the non-relativistic classical fields of quantum mechanics
as a lucky accident, then it should be possible to build the
quantum mechanics and its non-relativistic classical field
content directly. Because quantum mechanics is con-
structed on the Schrödinger non-relativistic classical field
equation, this question may be translated into asking if
it is possible to get the Schrödinger equation starting
from first principles: Feynman once said that there is no
pattern that made Schrödinger guess the equation carry-
ing his name, but today we know that the Schrödinger
equation, or the Pauli-Schrödinger equation, is the non-
relativistic weak-field approximation of the Dirac equa-
tion, obtainable from first principles, as we did here.
Quantum mechanics is derivable as a non-relativistic
weak-field limit from relativistic classical fields.
Conclusion
In this paper, we have starter from the most general
dynamics involving the completely antisymmetric torsion
completion of gravity with electrodynamics for two non-
mixing Dirac matter fields: we have derived the effective
theory trying to use the resulting non-linear potentials of
the matter field equations in order to address some of the
open problems in the standard models of cosmology and
particle physics; this has been done by exploiting the non-
linear potentials instead of fermionic-field quantization.
We have started by discussing the fact that the cosmo-
logical constant problem could be solved by merely ac-
knowledging that a cosmological constant may always be
allowed to be present and because it can be thought as an
integration constant then its value has to be determined
empirically; this solution, however, requires that none of
the additional contributions are present, and this means
that there can be neither a mechanism of mass genera-
tion nor any cosmological version of the Casimir effect, or
in equivalent terms, there can be neither a breakdown of
any given symmetry nor some sort of zero-point energy
for the vacuum, respectively: dropping the breakdown of
the symmetry means that the asymmetric situation we
see is such because it has always been asymmetric, and
in this scheme we have to find a way to assign masses
to fields that are supposed to be massive, and to recover
the phenomenology of the weak forces, the former of these
tasks being achieved by acknowledging that mass terms
may always be present, while the latter of these tasks
being accomplished by the fact that the non-linear po-
tentials are structurally identical to the weak forces thus
yielding the same phenomenology; further, dropping the
concept of zero-point energy for the vacuum means that
we have to recover the phenomenology of the Casimir ef-
fect between two plates, and this can be done by having
the Casimir force as the result of electrodynamic interac-
tions between the two source fields. About the problem
of cold dark matter, it has been acknowledged that a
bath of neutral massive particles is allowed whenever we
have the possibility to require the vanishing of the charge
without forcing the mass to vanish, which can be done
if neutral fields could be obtained without the halving
of their degrees of freedom: this situation would require
that neutral fields are not self-charge conjugated fields,
or more in general that antimatter is not matter after
the process of charge conjugation, but simply two inde-
pendent fields, which would have to be defined without
Grassmann variables: dropping the assumption of hav-
ing Grassmann-valued fermions means that we have to
reproduce the Fermi-Dirac statistic and to ensure the
positivity of the energy for both matter and antimat-
ter fermions, and again these issues were addressed by
exploiting the non-linearities of the Dirac matter field
equations, as discussed in [22]. Eventually, we have also
reported that in [27] it has been demonstrated how this
situation prevents gravitationally-produced singularities
of the considered Dirac matter field distribution to form.
We have specified that employing the most general
least-order derivative torsional completion of gravity with
fermionic Dirac matter fields allowed us to have these re-
sults altogether described within a single model.
In the present article, we have obtained our results
by exploiting the non-linear potentials within the mat-
ter field equations; on the other hand, we have used no
fermion field-quantization whatsoever: the fact that ef-
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fects of fermion field-quantization may be recovered by
torsionally-induced non-linear potentials in matter field
equations points toward a connection between spacetime
torsion and field quantization, a connection already no-
ticed in [8] and which we deepened here. As it is clear,
this does not mean that such a connection is established,
and more has to be done to investigate this link between
these two complementary concepts; of course, further pa-
pers will be devoted to that. But nevertheless, it was
necessary to stress that this parallel is quite interesting.
The parallel between field-quantization of fermions and
torsionally-induced non-linear potentials in the matter
field equations might look impertinent, but if it turns to
be true that effects due to field-quantization prescriptions
may be replaced by those coming from self-interacting po-
tentials in the matter field equations this would not be so
surprising after all, if we think that the non-linear terms
of the matter field equations are a direct consequence
of the coupling between matter and its underlying back-
ground considered in the most general situation while the
field quantization is a protocol that is forced rather ar-
bitrarily in the model; such a protocol has been kept up
for long in part because of its successful predictions but
in part also because wrong predictions have never been
considered as a hint of a possible falsification, but rather
they were euphemistically renamed anomalies, and then
assumed to be cancelled by treating them in terms of yet
further adjustments, some of which are still unknown.
It is clear that such behaviour may hinder the process
of searching for a fundamental theory in physics and it
may be the time to stop and reverse this tendency.
Appendix A: Fierz identities
In this paper, we have made a considerable use of the Fierz iden-
tities every time we had to rearrange the components of a pair of
spinor fields or the components of a single spinor field, but we have
never mentioned what these identities actually were, and therefore
we will take the opportunity in this appendix to list some of these
Fierz identities: the first is certainly given by the general identity
valid for any pair of spinor fields according to the expression
ψ1ψ2=
1
4
ψ
2
ψ1I−
1
2
ψ
2
σijψ1σ
ij− 1
4
iψ
2
piψ1ipi +
+
1
4
ψ
2
γiψ1γ
i− 1
4
ψ
2
γipiψ1γ
i
pi
which can be contracted so that one can derive the additional iden-
tity determining the rearrangement of two spinor fields as
ψ
1
γaψ1ψ2γ
aψ2=ψ2ψ1ψ1ψ2+iψ2piψ1iψ1piψ2 −
− 1
2
ψ
2
γiψ1ψ1γ
iψ2−
1
2
ψ
2
γipiψ1ψ1γ
i
piψ2
as it is easy to see; the single spinor field would be such that
ψψ= 1
4
ψψI− 1
2
ψσijψσ
ij− 1
4
iψpiψipi +
+
1
4
ψγiψγ
i− 1
4
ψγipiψγ
i
pi
which can be contracted so that one can derive the additional
ψγaψψγ
aψ=−ψγapiψψγapiψ =
= |ψψ|2+|iψpiψ|2
ψγapiψψγ
aψ = 0
together with the complementary
4iψσakψiψσ
bkψ−|ψψ|2δba=4ψσakpiψψσ
bk
piψ−|iψpiψ|2δba =
= ψγapiψψγ
b
piψ−ψγaψψγbψ
4iψσakψψσ
bk
piψ = −iψpiψψψδba
and also the following
2iψσikψψγ
iψ = iψpiψψγkpiψ
2ψpiσikψψγ
iψ = ψψψγkpiψ
2iψσikψψγ
i
piψ = iψpiψψγkψ
2ψpiσikψψγ
i
piψ = ψψψγkψ
together with
ψψiψσabψ−iψpiψψσabpiψ=
1
2
ψγjψψγkpiψεjkab
and as it is clear, many more of such identities actually exist but
for purpose of the present paper these are enough.
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